APPLICATION OF DERIVATIVES
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MODULE -1 RATE OF CHANGE OF QUATITIES

Question
The radms of a circle 1s mcreasing uniformly at the rate of 3 cimy's. Find the rate at which the

area of the circle 1s mcreasing when the radms 1s 10 cm.

Solution
The area of a circle (_4) with radius () is given by.

A= HERE, A and

Now. the rate of change of area (.4) with respect to time (r) is given by.
r are the

. variables to
It is given that.

ﬁ = 3crn/ 5 be
dr differentiated

a4

e 27 (3)=oemr w.r.t time
Thus. when » = 10cm..
a4
dr
Hence. the rate at which the area of

GO cri” /s .

A4 o 2y dr _dr .
E:E P }-E_zm 7 [By chain ru.le]

= 67(10) = 607 crr’ /s




Question .
A stone 1s dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the
mstant when the radius of the circular wave is 8 cm. how fast is the enclosed area increasing?

Solution : -
The area of a circle (A) with radius (1) 1s given by

A= 7z’

Therefore, the rate of change of area (_.4) with respect to time (7) is given by,

d4d d ad dar i .

dr
It 1s given that %zﬁcmfs

Thus. when 7 = 8cmn.
L 27 (s)(5)=s07

Hence. when the radius of the circular wave 1s 8 ¢z, the enclosed area 1s increasing at the rate

of 80m cni’ / s.




Question
A balloon. which always remains spherical on inflation. is being inflated by pumping in 900
cubic centuneters of gas per second. Find the rate at which the radius of the balloon imcreases
when the radms 1s 15 cm.

Solution
The volume of a sphere (77) with radius () is given by.

injrrg
3

". Rate of change of volume (77) with respect to time (7) is given by.

av _ dv dr (by chain rule)

dr  dr dr
:i(im,s]ﬁ __dr_ 900 _ 225
dri\ 3 dt dr  Amr®
- dr Therefore. when radius = 15 cm.

= dmrt dr 225 1
It is given that dr  =z(15)° =

v 3

dr 200 cmr /.8 Hence. the rate at which the radms of the balloon increases

when the radius is 15 cm is 1 ciy's



Question
A particle moving along the curve 6y =x° +2. Find the points on the curve at which the y

coordinate is changing 8 times as fast as the x-coordinate. Have you

y changes noticed this

Solution 8 times as kind of moving
The egﬁuatmn of the curve 1s given as: fast as x particle

Gy=x" +2 anywhere?
The rate of change of the position of the particle with respect to time (7). is given by.

dy
Y _ 3,28
dt dt
dy 5 dx
2—=x"—
— a7 ar
When the v-coordinate of the particle changes 8 tunes as fast as the

6 +0

HN-—CcOooOordinare i.e. .

2(8 P e ) = P e
dr el
P e
— =

=

=
When, x—a, 3y — % +2 _ —11

(& [
A Trer.

=
x:_47v:(—4) +~2 o662 31
- IS IS 3

—31

Hence. the points reguired on the curve are (4.1 1) and (4,
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A balloon. which always remains spherical. has a variable diameter :{ 2x+1). Find the rate of __/

change of its volume with respect to x .

Solution

The volume of a sphere (77) with radius () is given by.
4

V=—mr"
3

Diameter = i{ Ty + 1)
2

If’:im*'ﬂ’ :i:r(i 2x+1) ngr(l*wl}i
3 4 16

Hence. the rate of change of volume with respect to x 1s as
ar 9 d 9 2 27

=— (2.T+1)3 =— 7x3(2x+1) 322—:’1'(21’+1)3. o/
dr 16 dt 16 8

=~ 4



Question
The total cost C(x) in Rupees associated with the production of x units of an item is given by

C(x)=0.007x"-0.003x" +15x+4000
Find the marginal cost when 17 units are produced.

Solution

Marginal cost 1s the rate of change of total cost with respect to output.

©. Marginal cost (MC)= % = 0.00?(3.1:2 )—{].0{]3(2x)+ 15

=0.021x" —0.006x +15
When =17, MC'=0.021(17)-0.006(17)+15

=0.021(289)-0.006(17)+15

=6.069-0.102+15

=20.967
Hence, when 17 units are produced, the marginal cost is Rs. 20.967.




Question
Sand is pouring froma pipe at the rate of 12’ /5. The falling sand forms a cone on the ground

in such a way that the height of the cone 15 always one-sxth of the radius of the base. How fast
15 the height of the sand cone increasing when the height is 4 cm?

Solution
The volume ofa cone (/) with radius () and height (/) is given by.

1 Vo3
V—g:frr h ndk(!)'

dt dt

It 15 given that. 17 (3 P ) dh
[

Particle bed

h=—1r=>r=06h g |
== =0/ ouring point /1| ™ Disc centre
6 362 A

dt Collection container

.V :%rr((ih)z h=127l
J

. . dv g PR
. . | It also given that — =12 an s 3 X-Y Translation stage
The rate of change of volume with respect to time (7)1 dt
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Example 43 teachoo.com
A water tank has the shape of an inverted right circular cone with
its axis vertical and vertex lowermost. Its semi-vertical angle is
tan (0.5). Water is poured into it at a constant rate of 5 cubic

meter per hour, Find the rate at which the level of the water is

rising at the instant when the depth of water in the tank is 4 m.

Water tank is in shape of cone
Let r be the radius of cone,
h be the height of cone,

& o be the semi-vertical angle

Given a = tan™(0.5)

S, tana =(05)

=0.5

= | =

r=- (1)

Also,
Water is poured at a constant rate of 5 cubic meter per hour

av
S0, — = Smifhr .(2)

Where Vis volume of cone

Now,

V=2
3

1 (h\? _h
VzE”(E)h (Asr —Zfrom(l))

dv/dt = V4 mh?

1 toachoo.com

N

in 20 teachoo.com
—=— .3
dt  mh?

We need to find,

rate at which level of water is rising when depth is 4 m

_dh
| = —
dtlp = 4m

Putting h =4min (3)



TANGENT& NORMAL OF & PARABOLIC CURVE
ON THE WAY TO HOME A& RAINY DAY




. x =2 at x=10 .

The given curve 1is 3 = ~ 1 .

(x-2)(1) (x> 1)
o (x—2)°

x—2—x+1 —1

(~— 2y (v 2

Thus. the slope of the tangent at x =10 1s given by,

ax _ —1 - —1 1
| o (x—2) | _.. (1o—2)" o4

Hence. the slope of the tangent at xx =10 1s —1



Question
Fra

Find the slope of the normal to the curve x =agcos” &. v =asin’ & at & =

Solution

It is given that x = acos” & and y =asin” & .

. . — 3a cos” !9(—511:1 19) — —3acos” &sin &
rell oy
cfy
— 3a sin” Q(cos 6‘)
[ 3asin” &cos & sin &
- = —— = —tan &
( T 3acos’ &sin & cos &
Therefore. the slope of the tangent at & — % 1is gi1veln by,
7T
e — — tan @]H_E — — tan — 1
adyv | ,_= Y = X
1
T . :
Hence. the slope of the norimal at & = o 1s giveln by,
1 —1
— — 1
Fra —1

slope of the tangsent at & —



FIND POINTS

Question
Find the points at which tangent to the curve y =x" —3x> —9x+7 is parallel to the x - axis.

Solution 12l
The equation of the given curve is ¥y =a° —3x" —9x+7. —
% — 3y —6x—-9 Slope of x axis= \

tan0=0 X
Now, the tangent 1s parallel to the x - axis if the slope of the tangent 1s zero/ \
23x —6x—9=0=x>—2x-3=0 / (3):20

:>(x—3)(x+l) =0

—>x=3o0rx=-1

When x=3, y=(3)=9(3)+7=27-27-27+7=-20.

When, x=1, y=(=1) =3(=1) =9(-1)+7=-1-3+9+7=12.

Hence, the points at which the tangent is parallel to the x-axis are (3,—20) and (—112).



SLOPE OF LINE
JOINING 2

_Y2=YV1
Question 8: POINTS= s

Find a point on the curve y= (Jr:—Z)2 at which the tangent 1s pa\n{iﬂel to the chord foning the

points (2.0) and (4.4).

Solution 8:

43—

»

If a tangent 1s parallel to the chord joining the points (2, 0) and (

tangent = the slope of the chord.

The slope of the chord 1s R 2.
4-2 2 ‘

y

»

4. 452;01)11611 the slope of the

Now, the slope of the tangent to the given curve at a point (x, y) 1s given by,

D _s(x-2)

dx
Since the slope of the tangent = slope of the chord. we have:

2(x-2)=2
x=3,theny = (3-2)*=1
Hence the point is (3,1)




Question

Find the equation of the tangent line to the curve y =x° —2x+ 7 which is

(a) parallel to the line 2x—y+9=0
(b) Perpendicular to the line 5y —15x=13.

(a) The equation of the line is 2x—y+9=0
2x=y49=0.y=2x49
This is of the form y =mx+c. «—

Slope of the line =2
If a tangent 1s parallel to the line 2x—y+9=0, then the slope of the tangent is equal to the slope

of the lmne.
Therefore, we have:

2=2x-2

=2r=4 EQUATION OF STRAIGHT LINE(POINT
Sx=2 -SLOPE FORM) y -y .= m(x-x,)

Now, x=2

=>y=4-4+7=T

Thus. the equation of the equation of the tangent passing through (2.7) is given by,
y=7=2(x-2)

= y-2x-3=0

(b) The equation of the line is 5y —15x=13.
13

S5y—15x=13. v =3x+?

This is form of y=mx+c.

Slope of the line = 3

If a tangent id perpendicular to the line 5y —15x =13. then the slope of the tangent is
1 _-1

slope of the line 3~

—2y—2-_1
3

Now. x = 3
(5

25 10 25—-60+252 217

= V=—34+—+7 = =
’ 36 o 36 36

Thus. the equation of the tangent passing through {E EJ is given by.

6 36
217 1 5
V——/—=Z|x——
T 36 3 6
:36y—217:—_l(6x_5)
36 18
=36y —217 =-2(6x—5)
=36y—217=—12x+10
=36y+12x—227=0

Hence. the equation of the tangent line to the given curve (which is perpendicular to line
Sy—15x=13)1is 363 +12x—227=0.



‘/ MODULE -3
- TANGENTS AND NORMALS

IMPORTANT (QUESJT[@NS




Question
Find the points on the curve y =x" at which the slope of the tangent is equal to the y -coordinate
of the point.

Solution
The equation of the given curve is y =x".

v _ 3x°

dx

The slope of the tangent at the point (x.y) is given by.

@] = 3x°
dax i,

When the slope of the tangent is equal to the y-coordinate of the point. then y = 3x~.

Also. we have y=x".
3xvi=x"
x? (x—3) =0

x=0.x=3
When x=0. then y =0 and when x=3 then y=3(3)" =27.
Hence. the required points are (0.0)and (3,27).




Question
Forthe curve =+ 2, find all he pota t which he tangents passes through he g

Solution
The equation of the given curve is y=4' -2’
&

s =126 10
dy

Therefore, the slope of the tangent at a point (x,) is 12¢"~10+"

The equation of the tangent at (. y) is given by.

F-p=(i2F-10¢)(X-0) . ()

Therefore, equation (1) reduces to

When the tangent passes through the onigi (0.0, then X' =T=(}

)= (12:(2 —10.174)(—1*)

p=12¢ -10¢

Alko, we have y=4r'-2x.

v -10r =420
58 -8r' =0
v =0
:>x3(x2—1):0

>1=01]

When =0, y=

When x=L y=4(] )3 2():
=4

-1-)-

When y=-1

4{0) -2(0) =0.

Hence, Ihmeqlmedpomtsa 0 ] ( 2) and (-1

T——

)




Question
41

Find the equation of the tangent to the curve y=+f3x—2 which is parallel to the line ::>x_%

4x-2y+5=0. —
When x:ﬂ._1-':\]3[£]—2 _ M, =JM _ 2

Solution 48 _48. 16 16

The cquation of the given curve Is y=y3x—2. Equation of the tangent passing through the point [ﬂE] 1S ¢

The slope of the tangent to the given curve at any point (x.y) is given by. 48 4

b )

dv 23x-2 SQUARE

The equation of the given line is 4x—2y+5=0. ROOT N 4v-3 2{'48x —41]
4 48

48x—41
Slope of the line =2 6
Now. the tangent to the given curve is parallel to the line 4x—2y—5=0 if the slope of the | — 24y _18=48y—41

tangent 1s equal to the slope of the line. = 48x-24y=23
Hence. the equation of the required tangent 1s 48x—24y=23.

4x—2y+5=0. y= 2x+§ (which is of the form y = +c¢ FUNCTION

- =4y-3 :{




Find the equation of all lines having slope 2 which are tangents to the curve y = E
:'{' R

, . : 1
e equation of the given curve 15 y = 3 X =3
X—:

e slope of the tangent to the given curve at any point (x.y) is given by.
dy —1

dx (::r—?t)1
NO TANGENTS
WITH THE GIVEN
CONDITIONS

[f the slope of the tangent 1s 2. then we have:

This 1s not possible since the L.H.S. is positive while the R.H.S. is negative.
Hence. there 1s no tangent to the given curve having slope 2.




Question :
Find the point on the curve v = x° —11x+5 at which the tangent is vy =x—11.

Solution
The equation of the given curve is y=x" —11x+5.
The equation of the tangent to the given curve is given as y=x—11 (which is of the form

("‘\

Vv =mx+c).
. Slope of the tangent = 1
Now. the slope of the tangent to the given curve at the point (x.y) is given by.

D 3211
dx

Then. we have:
3x*—11=1

— 3x? =12

— xT =4

—> x =12
When x=2.y=(2) —11(2)+5=8-22+5=-9.
When x=-2.yv=(-2) —11(—2)+5=-8+22+5=19.

(-2,-19) REJECTED

WHY??22?




